Narrow bandwidth, high energy photon sources can be generated by Thomson scattering of laser light from energetic electrons, and detailed control of the interaction is needed to produce high quality sources. We present analytic calculations of the energy-angular spectra and photon yield that parametrize the influences of the electron and laser beam parameters to allow source design.
I. INTRODUCTION
Thomson Scattering (TS) of light from fast moving electrons is a well-known and established source of X-ray and γ-ray radiation. It was in the 1960s, after the discovery of the laser, when the first TS x-ray sources were proposed [1] [2] [3] and demonstrated in experiments [4] . Since then many important results were obtained describing TS sources [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , including the first demonstration of femtosecond X-ray pulses at the Accelerator Test Facility of Lawrence Berkeley National Laboratory (LBNL) [9, 10] . Intense X-and γ-ray sources can be used in many areas of science, industry and medicine. Photons with energies above approximately 1 MeV serve as a probe for nuclear physics (e.g, see the review by V. Nedorezov et al [16] ). An update on prospects for brilliant, monochromatic γ-ray sources is given in Ref. [20] . Today, the HIGS facility at Duke University [21, 22] is the most intense source of narrow bandwidth (5 percent FWHM) γ-ray sources with photon energies in the range from 1 to 100 MeV and with photon flux of about 10 8 photons/second, and is a large fixed facility. Thomson Scattering sources presently use large conventional particle accelerators, including at LBNL [9, 10] , HIGS facility at Duke University [21, 22] , TREX/MEGA-Ray facility at Lawrence Livermore National Laboratory [23] and others [8, 11, 24] . including the Extreme Light Infrastructure Nuclear Physics Facility [20] , a project at the Japan Atomic Energy Agency [7, 25, 26] , and proposed facilities at Fermi National Accelerator Laboratory [27] , SLAC National Accelerator Laboratory [28] and Brookhaven National
Laboratory [29] .
Narrow bandwidth Thomson gamma ray sources are a powerful tool for Nuclear Resonance Fluorescence (NRF), radiography and photo-fission studies for the detection of nuclear materials in cargo containers or nuclear waste (spent fuel) [20, [30] [31] [32] [33] [34] [35] . Ability to produce narrow bandwidth intense γ-rays essentially defines screening time and radiation dose, and also the feasibility of industrial usage. NRF studies are the most demanding, and approximately 10 9 − 10 12 photons/sec in two percent bandwidth around the (element specific)
NRF line is desired, with the range corresponding to different shielding from unshielded up to full cargo containers [36] [37] [38] . For example, for 235 U which is of primary interest for nuclear nonproliferation, the NRF line energy is around 1.7 MeV. In the case of photofission studies, similar fluxes are needed but with a more relaxed bandwidth of approximately 10 percent at energies from approximately 10 to 15 MeV is desired. Radiography is less demanding in both yield and energy spread. These requirements are outlined in Table I . Compact, transportable sources capable of high fluxes and narrow bandwidth are needed.
Thomson scattering sources typically require much higher electron energies than Bremsstrahlung sources to achieve a certain photon energy increasing the size of the system. With the rapid development of accelerator and laser technology in the recent decades it has now become possible to build dedicated TS machines. For example, the Compact Light Source developed by Lynceantech [39] and working in the keV hard x-ray regime can fit into the typical laboratory. It makes use of a storage ring for acceleration of electrons. Generation of MeV-level gamma-rays with storage rings or linacs however leads to large accelerator size (approximately 20 to 50 meters) due to limitations in the accelerating gradient [37] . Additionally, the low conversion factor of scattering laser photons into X-or gamma-ray photons due to the very small cross-section of the process (≈0.7 b) requires large scattering lasers. These challenges limit current TS applications, especially those requiring transportability.
Recent advances in laser plasma accelerators (LPA) [40] , where stable GeV-level electron beams have been produced in just 3 centimeters of acceleration distance [41] allows one to consider compact Thomson sources. These LPA electron energies in principle allows generation of hard photons with energies up to 25 MeV (or up to 50 MeV with laser frequency doubling). Such photon energies are relevant for many applications including photo-nuclear experiments [32, 33] , ultrafast radiography [42, 43] and cancer therapy [44] . The intrinsic short duration of LPA electron beams (on the order of several femtoseconds [45, 46] ) also leads to an easy setup for generation of femtosecond x-rays that can be useful in timeresolved studies. However, only broadband (i.e. with bandwidth more than 20 percent) Xand gamma-ray sources have so far been demonstrated using LPAs [47] [48] [49] [50] . Designs which account for and utilize the unique properties of LPA beams, and provide efficient scattering, are hence needed to enable narrow bandwidth compact sources.
High flux Thomson sources require either large scattering lasers, or high electron beam current, or novel solutions to increase effectiveness. Indeed, for LPAs GeV electron beams were produced using a 40 TW laser system, the size of which have rapidly decreased and is now at the level of 6 m 2 [51] . Hence, the goal of compact source development is for the scattering laser occupy approximately the same area and not much more, while at the same time maximizing photon yield per electron. The later is important for compact sources where high electron current, which increases shielding needs, is undesirable. Increasing yield conventionally requires laser pulses and electrons be tightly focused, but this approach is limited. One needs keep intensity low in order to avoid nonlinear broadening effects, which in turn requires long pulse durations. Similarly, as the interaction length is approximately equal to double the Rayleigh range Z R , focusing too tightly reduces Z R and hence the total photon yield. For a given laser pulse energy there then exist an optimum laser pulse spot size and laser pulse duration to maximize yield (depending on the interaction geometry).
The result is that high scattering laser energies (much more that the LPA driving laser) are required, dominating the total size of the source. A straightforward optimization strategy is to increase the interaction length by using waveguides for diffractionless propagation of the laser pulses. Standard waveguides, such as, for example, metallic tubes or hollow-core fibers can be in theory used [52, 53] , but will be destroyed quickly and will need to be replaced frequently in experiments. Pogorelsky et al [12] proposed to use plasma channels [41, 54, 55] for guiding CO 2 laser pulses for increasing the Thomson scattering yield, and this concept must be further developed to design compact sources.
In this paper we study TS from LPAs, a simplified schematic of which is presented on Fig. 1 . We show that the performance of LPA-based TS sources can be enhanced using plasma channels. We present analytic formulae and numerical considerations for the spectral shape of the radiation taking into account realistic laser pulses and electron beams as well as the total yield of TS sources for different interaction geometries. We provide examples of compact TS sources based on LPA electrons, and quantitatively demonstrate that experimental errors, such as, for example, transverse jitter are tolerable within current laser and LPA technology. We demonstrate both analytically and numerically efficient TS source designs using waveguides and plasma channels for control of laser and electron beam propagation that may lead to considerable reduction in size and cost of future sources. We also study the use of a plasma as a compact beam dump for the high energy electron beam.
The paper is organized as follows. First, the basic mechanism of photon generation using
Thomson scattering from electron beams is reviewed in Sec. II. Section III is devoted to the spectral shape of the generated radiation and effects that lead to broadening, such as electron beam divergence (Sec. III A), electron beam energy spread (Sec. III B), laser pulse intensity and multiple scattering (Sec. III D). In Sec. III C estimation of the collimation angle and relative photon number for a given source bandwidth are calculated. In Sec. IV a discussion on using the LPA electron beams for generation of narrow bandwidth X-and γ-ray sources is provided and required electron beam manipulations are outlined. In the same section a compact LPA based beam dump is discussed. In Sec. V derivation of the total photon yield for different interaction geometries (vacuum, laser waveguide, plasma channel for guiding both electron and laser beams) is presented. In the same section yield degradation due to the pointing errors is quantitatively evaluated. In Sec. VI we present examples of design calculations and numerical simulations of the realistic γ-ray sources capable of performing the NRF studies of 235 U and photofission experiments. Finally, Sec. VII contains conclusions and final discussions.
Thomson scattering, which includes also undulator radiation, is a well studied area of physics [5, 6, 14, [56] [57] [58] . A schematic of the TS source under consideration is shown in Fig. 2 . Maximum photon energy is obtained in the case when the laser photon and electron collide head-on and the photon is scattered exactly backwards (in other words at 180 • ). In such a situation, assuming that the laser pulse is weak, photon energy is given by the wellknown (double) relativistic Doppler shift formula ω = 4γ 2 e ω L , where ω is the generated photon frequency, ω L is the laser frequency and γ e is the electron relativistic gamma-factor. 
where a 0 = eA L /mc 2 is the normalized vector potential or laser pulse strength parameter (similar to the undulator strength parameter in the free-electron lasers). Here A L is the laser pulse vector potential amplitude in CGS units. Throughout the paper, we have neglected the recoil effect as the energy of the laser photon in the frame of reference of the electron (≈ 2γ e ω L ) is still much smaller than the electron rest mass for the parameters of interest.
Typical energy-angular and photon energy spectra are presented in Fig. 4 . For the plots of Fig. 4 , electron beam divergence and energy spread were taken into account whereas the laser pulse was assumed to be infinitely long, non-divergent and of low intensity (a 0 1).
The source opening angle is roughly 1/γ e , with a bow-like energy-angular spectrum which is due to the θ term in eq. (1 Here N γ is the total number of generated photons so that the photon energy distribution is normalized to unity and
is the normalized photon energy. To qualitatively assess the role of electron and laser beam parameters on TS spectrum one can look at equation (1) . One can see that the frequency of the generated photon depends on four parameters: 1) the angle of propagation of the generated photon θ; 2) the electron energy γ e ; 3) laser pulse amplitude a 0 ; and 4) laser frequency ω L . Realistic electron beams have a non-zero angular divergence. Electrons propagating under different angles will generate photon spectra peaked in the direction of their respective propagation. This broadens the integrated spectrum. Electron energy spread also leads to broadening as electrons in the beam having different energies will generate different photon energies in accordance with the γ e contribution in formula (1) . The a 0 term in equation (1) leads to additional hard photon beam broadening in the case when laser pulse has a non-constant intensity envelope. Indeed, according to the formula (1) different frequencies will be generated at different times throughout the pulse (here we assume that there is no frequency chirp in the laser pulse). In experiments, depending on the desired bandwidth, one needs to keep a 0 as high as possible for maximizing the photon yield, but low enough to meet the bandwidth requirement. The requirements on the photon source hence put conditions on the laser and electron beams that can be used for generation.
III. SPECTRAL SHAPE OF THE RADIATION
In order to design a photon source one needs to know how parameters of electron and laser beams influence the shape of the radiation spectrum. It is important to introduce the assumptions that are used in calculation of the photon spectrum. First of all, it is assumed that the number of periods N 0 in the laser pulse is large, N 0 1. For ideal electron beams with no energy spread and no divergence, the normalized frequency width of the spectrum width is given by 1/N 0 (as in undulators [56] and can be neglected for the most gamma sources of interest. Under given assumptions for the laser pulse one can separate the calculation of the photon spectrum into two parts: 1) calculation of the fractional number of photons within a given bandwidth taking into account divergence and energy spread of electron beam, and 2) calculation of the total number of generated photons taking into account geometry of interaction, which is presented further in Sec. V.
formula [59] 
where d 2 I is the energy radiated into the frequency band dω and solid angle element dΩ, n is a unity vector pointing from the electron position to the detector, r is the electron radiusvector and β = v/c is the electron velocity. Detailed expressions for the energy radiated have been calculated for the case of a single relativistic electron colliding head-on with a linear polarized laser pulse with a flattop profile of amplitude a 0 consisting of N 0 perionds [6, 17, 60] . In the limits a 1, the spectral energy density of the radiation is given by
where α = e 2 / c 1/137 is a fine-structure constant, θ and φ are polar and azimuthal angles respectively, and
is the resonance or peak frequency of the generated radiation. Here, R(ω, ω R ) is the resonance function that depends on the exact pulse shape. For a flat-top laser pulse the resonance function is given by
and the frequency width of the resonance function is ∆ω = dωR F = ω R /N 0 .
Of interest is the radiation collected by an axisymmetric detector placed along the axis some distance for the interaction point. In this case, Eq. (4) can be averaged over the azimuthal angle φ giving
Since for N 0 1, the radiation spectrum is narrowly peaked about the resonance frequency, the number of photons N radiated per unit frequency and unit solid angle can be
Integrating this expression over frequency and where x = γ 2 θ 2 . From this equation, the total number of photons radiated in a θ = 1/γ cone is
and the total number of photons radiated over all angles is twice this value, N γ = 2N 1 .
The above expressions can be generalized to other laser pulse profiles. For the case of a Gaussian laser pulse with electric field proportional to a ∝ exp (−t 2 /2τ 2 L ), the resonance function is given by
Using eq. (4), one can obtain the following expressions for the spectral energy and photon number per unit freqyency in the case of the single electron (or an ideal beam of identical
where
is the normalized resonant frequency. Here N γ is the total radiated photon yield, which will be calculated in Sec. V for non-ideal beams. A long laser pulse is assumed, N 0 1, which means that a photon with a specific energy has a specific angle of emission. It is clear that integrating the right part of eq. (12) from y = 0 to y = 1 one gets unity.
Photon spectra given by eqns. (11) and (12) 
For example, taking a required bandwidth κ = 0.02 or, in other words 2%, one can calculate that approximately 3% of all generated photons lie in this bandwidth and thus the majority of photons have energies outside of the required bandwidth. A bandwidth of 10% contains 14%, or nearly 5 times more photons than in the 2% bandwidth case, illustrating source tradeoffs. It is important to emphasize that the considered case is ideal: electron beam does not have energy or angular spread, laser pulse bandwidth is infinitely narrow, and is a plane wave. Nevertheless, the case considered in this section provides important estimates for the TS photon source.
A. Electron beam divergence effects
Angular spread in the electron beam distribution will lead to bandwidth broadening as particles moving under different angles will each generate maximum frequency of ω max = 4γ
in the direction of their propagation and not necessarily along the z axis. It is important to take electron beam divergence into account as it can often be the dominant contribution to energy spread for conventional linac sources [10, 62] . Specific needs for LPA sources are presented in Sec. IV. Without losing generality we consider the case of a circularly polarized laser pulse interacting with an electron beam with some angular spread. Polarization of the laser pulse will also influence the polarization of the generated X-ray photons, but the total number of generated photons will remain the same. Consider a round electron beam with ,
where I 0 is the modified Bessel function andθ
. One can see that the width of the spectrum is governed by the electron beam divergence σ θ . It is convenient and common to use the FWHM bandwidth instead of RMS bandwidth. Using eq. (15) and denoting the desired relative FWHM bandwidth of the γ source as κ, one can derive the following approximate condition for the electron beam FWHM divergence
B. Influence of electron beam energy spread
Energy spread of the electrons in the beam leads to photon source bandwidth broadening because electrons with different energies γ e will generate different photon energies. The effect of the electron energy spread only (assuming an electron beam with no divergence)
on the on-axis hard photon source spectrum bandwidth can be easily estimated. Again, denoting κ the desired relative FWHM bandwidth and differentiating eq. (1) with respect to γ e , one gets the following condition for the electron beam FWHM energy spread, assuming for simplicity a Gaussian distribution for γ e :
so that an electron beam with 5% FWHM energy spread will generate hard photon source with at least 10% FWHM bandwidth. Typically, LPA electron beams have energy spread on the one percent level [40, 41, 55, 63, 64] and are thus usable for generating few percent narrow bandwidth photon sources. Combining equation (17) with the condition for the σ θ,FWHM from eq. (16) one can get the combined approximate condition for both energy and angular electron beam spreads
Unfortunately, to formally include the effects of both energy spread and the electron beam divergence as it was done in the previous section one at present has to use numerical integra-
tion. An example of numerical integration of eq. (15) gives 5% for the parameters described above.
C. Estimation of the collimation angle and relative photon number
The energy-angle correlation of the Thomson spectrum means that collimation is required to achieve narrow bandwidth even for ideal electron and laser beams. To design a source to produce a given bandwidth κ one needs to estimate: 1) the collimation angle θ c and 2) the relative number of photons lying in this bandwidth. For the case of angular divergence dominated electron beams, such that the contribution of the angular spread is much higher than the contribution of the electron energy spread, the photon spectrum can be obtained with the help of eq. (15) . For the case of κ = 0.02 the spectrum is presented in Fig. 6 (a).
One can estimate the collimation angle in the following way. Generated photon frequency is given by eq. (1). We can approximate the collimation angle θ c as such angle for which the photon frequency (for the case of a 0 1) is equal to
In other words,
Using eq. (16) one can write the following expression for the collimation angle
For y = 1, which is the maximum generated energy (ω = 4γ 2 e ω L ), the angular dependence of the spectrum obtained from eq. (15) is given by 
For example, in 2 percent bandwidth there are roughly 2 percent of all generated photons.
We have found empirically with the help of numerical simulations that this estimate works well for both angular divergence dominated and energy spread dominated electron beams.
The photon spectrum for the case of the energy spread dominated electron beams is presented in Fig. 6 (b) and demonstrates the difference in the shape of the spectrum. Figure 7 shows the integrated (from 0 to collimation angle) photon energy spectra for different values of electron energy spread such that the total broadening is 2 percent and condition of eq. (18) is satisfied. In all cases the relative number of photons was approximately 2.5 percent in good agreement with the estimate of eq. (22) . These rough estimates for the collimation angle and relative photon number can be used in source design. For more accurate answers, numerical integration can be applied.
D. Influence of laser pulse intensity and multiple scattering
Generally, one wants to maximize the laser photon flux by increasing the laser pulse amplitude a 0 to maximize the scattered photon yield. However, for higher values of a 0 there are several effects that decrease the quality of the source. First, the spectrum is broadened due to the appearance of sub-structures in the spectrum [65] [66] [67] [68] [69] . For the case of a 0 > 1 laser photons are wasted for generation of harmonics and scattering at undesired energies which leads to inefficient usage of laser energy. Hence, one needs to find a proper balance between the nonlinearity that one can tolerate and the total photon yield.
Results in the previous sections were obtained assuming that the laser pulse amplitude a 0 is much smaller than unity so that the scattering is linear. In the non-linear case eqns. are not valid and one has to calculate the spectrum using eq. (3). The frequency of the backscattered light is approximately given by eq. (1), where a 0 can also be a function of time depending on the laser pulse envelope. This leads to photon source bandwidth broadening and substructures in the spectrum [65, 69, 70] as well as appearance of harmonics. Example spectra calculated from eq. (3) using the numerical code VDSR [60] for a single electron interacting with a gaussian plane wave with FWHM duration of 800 fs are presented in a 0 = 0.2 leads to considerable sidebands for a single electron, and in general this broadening is on the order of a 2 0 /2. For scattering from an electron beam this term should be kept small relative to the electron energy spread and divergence effects to minimize bandwidth, e.g. the broadening at a 0 = 0.2 induces 2% energy spread comparable to that from 1% electron energy spread. It is important to mention that appropriate laser pulse chirping may lead to narrowing of the bandwidth as discussed based on a single set of numerical parameters in [70] .
Our analytical derivations and simulations of bandwidth reduction using laser chirp will be presented in a separate publication (see also Ref. [71] for a discussion of chirp for bandwidth control). Another possible way to mitigate the broadening due to the laser pulse amplitude is using the flat-top laser pulses having almost rectangular shape in every direction [72] . In this case one can push the laser pulse amplitude to a 0 ≈ 1 and use the standard theory of undulators [6, 56, 73] .
Throughout the paper we have neglected the recoil effect on the electron as it emits a single hard photon (with "average" photon energy of 2γ 2 e ) as the energy loss is small compared to electron energy ∆γ e γ e ≈ 2γ e ω L m e c 2 1.
However, if the electron emits multiple photons during the interaction, the cumulative effect of recoil on the spectrum should be taken into account. Denoting N sc as the number of times an electron scattered a photon during the interaction, the product of N sc and the energy loss given by eq. (23) should be less than desired source bandwidth. The value for N sc can be approximated using the cross-section formalism and will be presented in Sec. V. As an example, consider TS of 0.8 micrometer laser light from electrons with γ e = 500 leading to photon energy of roughly 1.5 MeV. In this case, an average of 8 scatterings would lead to photon energy change on the order of 2 percent.
Given the required FWHM bandwidth κ one can now write the following approximate condition taking into account electron beam divergence and energy spread as well as laser pulse amplitude and multiple scattering, and adding them in quadratures
As discussed in Sec. III C, the collimation angle is approximately given by γ e θ c ≈ √ κ and a fraction of photons of approximately κ is lying in this bandwidth. These results provide important estimates and constraints on the electron beam for designing a photon source with specified bandwidth κ and were also verified with the help of numerical simulations.
IV. LPA ELECTRON BEAMS FOR NARROW-BANDWIDTH PHOTON SOURCES
Several experiments using TS from LPA electron beams demonstrated the generation of broad bandwidth (more than 20 percent) X-and γ-ray photon sources [47] [48] [49] . Some applications, such as NRF and photo fission for active nuclear interrogation of cargo and nuclear waste or nuclear physics studies benefit from narrow bandwidth of the photon source.
In this section we address the ways to control LPA electron beam divergence for obtaining the narrow-bandwidth photon sources and a compact beam dump, needed to dispose of particles after the interaction.
A. Control of the electron beam divergence
Laser plasma accelerators produce low emittance, GeV-level electron beams [41, 74, 75] that allow generation of multi-MeV photons suitable for NRF and photo fission experiments.
Recently measured normalized electron beam emittance is on the order of ε e,n ≈ 0.1 mm · mrad for electrons with γ e ≈ 1000 [74] . Electron beam transverse size inside an LPA is on the order of σ e,0 ≈ 0.1µm and divergence is on the level of σ e,θ ≈ 1 mrad because of the strong focusing inside the plasma wave. As a result their divergence is rather large for generation of percent-level narrow-bandwidth photon sources. In this case γ e σ θ ≈ 1 and according to 
where ε n is the normalized beam emittance and λ p is the plasma wavelength. As
, where n e is the plasma density, in order to increase the electron beam size m-fold, plasma density has to be reduced m 4 times. LPAs producing 0.5 GeV electron beams with 0.1 mm·mrad normalized emittance operate using n e = 5·10 18 cm −3 with plasma wavelength equal to λ p ≈ 15µm. In order to decrease the electron beam divergence 10 times, the density must adiabatically (i.e. the local scale length must allow at least one betatron oscillation)
drop to approximately n e ≈ 5 · 10 14 cm −3 . This leads to a length of the plasma downramp on the order of 1 meter and might be difficult to achieve in experiments.
4) Plasma lens. Plasma lenses based on axisymmetric electrostatic forces, generated by expelling all or part of electrons from the plasma region may be used for focusing of the electron beams [91] [92] [93] . In the case of complete electron blow-out the radial electric field in a plasma channel (lens) is given by
where k p = √ 4πr e n e is the plasma wavenumber with r e being the classical electron radius
and n e the density of the plasma. Using eq. (27) one can roughly estimate the parameters of the plasma lens (in the thin-lens approximation)
where l is the length of the plasma lens and d is the length of the drift space between the electron source (LPA) and the lens. For γ e = 1000, 1 mrad electron beam divergence and a drift space of 1mm, in order to collimate the electron beam a plasma lens with parameters n e · l = 2.84 · 10 15 cm −2 is required. For example, a 300 µm slab of plasma with density Other methods, such as, for instance, radiative beam cooling [94] [95] [96] or controlling focusing forces using different laser beam modes [97] may also be used. The most straightforward approach is use of PMQs, whereas higher performance may be possible using the plasma lens. More research in this area is needed.
B. Compact beam dump
Disposal of the high energy particle beam after photon production imposes the use of large and heavy "beam dumps" that usually prevent portability of the photon source, limiting applicability. For portability, constraints of size and weight require acceleration of the electron beam in a short distance and also disposal of its energy (after photon production) in a way that minimizes size and the use of heavy materials. High beam currents are also re- eration. Limitations include dephasing with regard to deceleration and focusing as well as energy spread from non-uniform deceleration.
In laser-driven plasma accelerators, a laser displaces electrons in a plasma channel, initiating plasma oscillations and resulting in a succession of positively and negatively electrically charged regions behind the laser (or "wake"). The alternating polarity within the wake generates very strong (typically GV/m) longitudinal and transverse electric fields of alternating
sign. An electron beam located at the appropriate phase behind the laser will be both focused transversely and accelerated to (or decelerated from) high energies over a very short distance.
The accelerating and focusing fields are driven by the ponderomotive force of the laser pulse F −m e c 2 ∇a 2 /2. The longitudinal field is of the order of E p (V/m) 96 n 0 (cm −3 ) with n 0 the plasma electron density, which can reach several orders magnitude higher amplitudes than with conventional acceleration techniques. focusing. This focusing phase is then split between accelerating or decelerating regions for the electron beam. The group velocity of the laser in the plasma is typically smaller than that of the electron beam, such that slippage occurs. Hence, an electron beam injected appropriately will be focused and accelerated to very high energy in a very short distance, then will slip ahead in the wake and reach the phase where it is efficiently decelerated while still being focused. This phasing effect has been studied in depth to enable extraction of the electron beam from the LPA at peak energy [40, 41, 55, 63, 64] . By continuing the plasma beyond the length at which the beam achieves peak energy, acceleration and deceleration are accomplished in the same compact (cm-scale) structure. For moderate energy spreads, photon production can then be conducted in the same plasma, at the phase interval between accelerating and decelerating regions where the longitudinal field is near zero.
As an example, we consider the acceleration of an electron beam up to the energy required for production of 6 MeV photons and its subsequent deceleration. The desired energy of the beam after acceleration was 0.5 GeV and relative energy spread at or below 2%. The parameters of the simulation to achieve this were determined from previous simulations using scaling laws that have been demonstrated over a very wide range of energies [98] . These and a normalized r.m.s. emittance x = y ∼ 33µm·mrad. These are consistent with LPA injector parameters measured experimentally and reported elsewhere [99] . The beam was injected into the second plasma oscillation at the phase for acceleration and guiding. This phase corresponded to D ∼ 50µm behind the peak of the laser pulse, or D ∼ 1.7λ p . Fig. 10 shows the plasma profile on axis, electron beam average energy and energy spread histories, as well as snapshots of the transverse and longitudinal electric fields and electron beams. The snapshots are taken from a simulation using a Lorentz boosted frame [100] (boost at γ boost ∼ 16.6) and Z , E x and E z are respectively the longitudinal coordinate, transverse electric field and longitudinal electric field in the simulation frame. The electron beam is accelerated to 0.5 GeV in 2 cm, then decelerated to its injected energy in a slightly shorter distance of 1.5 cm, the asymmetry of the acceleration and deceleration distances being attributed to steepening of the wake structure from laser depletion [101] . The relative energy spread falls from 10% at injection to slightly below 2% at peak energy (as prescribed for Thomson scattering), then rises steadily to nearly 100% at the plasma exit at z = 34mm. 
V. ESTIMATION OF THE TOTAL YIELD
Total photon yield of the source can be found using the cross-section formalism. In this section we derive the total yield expressions for the case of interaction in vacuum, plasma waveguide to avoid laser pulse diffraction and plasma channel to avoid the diffraction of both the laser and electron beams. In the case when the recoil effect on the electron can be neglected one can use the Thomson cross-section given by σ T = 8π 3 r 2 e , where r e = e 2 /mc 2 is classical electron radius. Total number of scattered photons is then given by [61, 102 ]
where n e and n p are time-dependent densities of electrons and laser photons respectively and v rel is relative velocity of electrons and laser photons which can be approximated by v rel ≈ 2c. In the case of round Gaussian bunches (see Fig. 2 ), electron and laser photon densities are given by
with subscripts e and p denoting electrons and laser photons respectively, N denoting the total number of particles of a certain kind, σ ⊥ and σ l the transverse and longitudinal sizes respectively, ∆ζ to take into account the relative delay between the pulses, and ∆R for the transverse displacement of the bunches to take into account transverse jitter. Transverse sizes are in turn given by
where σ 0 denotes the spotsize of the bunch at focal position, β is the beta-function of the beam and ∆Z is introduced to take into account different longitudinal positions of the beams. The beta function is given by β = σ 2 0 /ε t , where ε t is the transverse geometrical emittance of the beam. For the laser photon beam, ε t,p = λ L /2 = λ L /4π, so that the beta function of the photon beam equals its Rayleigh length. Substituting eqns. (30) and (31) into eq. (29) one obtains after integrating over transverse coordinates and time
and σ 
with x given by
and F (x) given by
The photon yield increases as a given laser beam is focused tightly because the laser amplitude rises. However, as derived in Sec. III D such intensity increase also causes broadening of the spectrum. Hence, the source bandwidth sets the upper limit on laser amplitude, and best yield is obtained running at this condition. Fixing the laser pulse energy E L and its amplitude a 0,max according to the source requirement condition of eq. (24), one can find the connection between longitudinal and transverse sizes
with
where λ L,µm is the laser pulse wavelength measured in microns. Combining eqns. (39) and (40) together with eqns. (36) and (37) and using convenient units one can obtain the following
and
Using equations (41) and (42) one can easily find the total photon yield in the case when laser and electron beams have the same focus position and diverge in vacuum with given beta-functions β e and β p .
Typical emittance of the LPA electron beams is approximately 3 orders of magnitude smaller than the emittance of 1µm laser light. Moreover, the transverse size of the LPA electron beams to be used for narrow-bandwidth TS sources is on the order of 1µm and thus much smaller than typical laser pulse spot size (10s of microns) needed for optimal photon yield, as discussed below. Considering this, one can neglect the terms containing σ e in eqns. (41) and (42), yielding the simplified expressions The optimal transverse spot size is in this case given by eq. (50) and is plotted with thick white line. 
Yield calculations for the case of a 0,max = 0.2 (so that broadening due to nonlinearity is on the order of 2 percent) are presented in Fig. 12 , where N γ /N e is shown as a function of both the laser pulse energy and RMS laser pulse spot size σ p,0,µm . For every laser pulse energy there exists an optimal laser pulse spot size and duration, which, according to calculations and geometrical considerations, can be found from the following condition
or, in other words, the optimum laser pulse longitudinal size is approximately twice the Rayleigh range. The optimum laser pulse spot size as a function of energy then reads
This function is plotted on Fig. 12 (a) with white curve. Using eqns. (43) and (44) and taking into account the expression for the optimum laser pulse spot size, one can obtain the total photon yield per electron for the optimum laser pulse spot size and duration given by eq. (45)
This formula agrees well with the results presented on Fig. 12 (a) . Equation (47) indicates that using shorter wavelength laser sources might be beneficial provided one can control the laser pulse parameters (duration and spot size) to meet the optimum criteria. As an example, one can consider two cases: 1) one micron wavelength laser pulse and 2) frequency doubled micron wavelength laser pulse with second harmonic generation efficiency of 50 percent. In both cases the yield in the optimum cases will be the same. In reality, efficiency of second harmonic generation is higher than 50 percent, so that using the second harmonic of 1 or 0.8 micron lasers is beneficial. Moreover, for generation of the same photon energy, the required electron energy is √ 2 times lower for frequency doubled laser pulse, making accelerator systems more compact.
Equation (47) shows that in the case of the interaction in free space the yield in the optimum case scales as square root of energy. This means that in order to increase the total yield, for example, 2 times, the laser pulse energy must be increased 4 times. This can lead to large laser systems. As is discussed in the next section, using waveguides to avoid laser pulse diffraction can be beneficial for reducing the laser energy requirements.
B. Interaction in a plasma channel waveguide
Yield is limited for interaction of a diffracting laser beam with pencil-like (σ e,θ σ p,θ ) non-diffracting LPA electron beam (last section) due to the fact that photons are lost and do not participate in the interaction as the laser beam diffracts. The optimum laser pulse duration was found to be approximately σ l ≈ 2β p . It is reasonable to assume that the total photon yield will be higher if one prevents the laser diffraction, for example using a waveguide, such as a plasma channel. In a plasma channel the radial density profile can be parabolic, which can exactly guide a Gaussian laser pulse in the low intensity limit provided the depth of the channel is equal to a critical value [40] . Durfee III and Milchberg [54] demonstrated plasma-based guiding of a 25µm FWHM (or σ p,µm ≈ 10) transversely wide
Gaussian laser pulse for a distance over 24 times the Rayleigh range. Later, guiding of a 7µm FWHM (σ p,µm ≈ 3) laser pulses over a distance of 10 times the Rayleigh range was experimentally accomplished [103] . Alternatively, long (∼10 cm) plasma channels have been generated using capillary discharges.
In the case of interaction inside a plasma channel waveguide the laser pulse Rayleigh length goes to infinity (β p → ∞). Taking into account the bandwidth restriction on the laser pulse amplitude a 0,max , one obtains the following expression for the total photon yield
where σ e,θ is the angular divergence of the electron beam measured in radians. The term
gives the distance after which initially point-like electron beam will reach a transverse size equal to the laser beam transverse size σ p,0,µm . This term, hence, is the characteristic interaction distance. In eq. (48), the function F (x) is given by eq. (38) with x given by the following expression
Again, for realistic cases σ p,0 > λ L and initial electron beam size σ e,0 can be neglected with good accuracy, further simplifying the expressions.
An example of yield calculation using eqns. (48) and (49) is presented on Fig. 12 (b) .
The electron beam size σ e,0 was assumed to be zero (for the same reason as in the case of interaction in vacuum) and divergence was assumed to be σ e,θ = 0.1 · 10 −3 rad. This divergence is approximately 10 times lower than the divergence of the LPA electron beam inside the LPA [74] . The need for lower electron beam divergence and methods for divergence reduction were discussed in Sec. IV. The optimum spot size can be roughly found from geometrical considerations. It is clear that the laser pulse duration has to be proportional to the interaction length L int = σ p,0 /σ e,θ over which the electron beam diverges such that its size equals then exceeds that of the (guided) scattering laser. One can see that for every laser pulse energy there is an optimum laser pulse spot size. Numerical calculations show
in the optimum case, and the optimum laser pulse spot size is
The plot of the optimum laser pulse spot size as a function of laser pulse energy for the case of interaction inside a waveguide is presented on Fig. 12 The total yield in the optimum case can be found from eq. (48) and reads
It is important to note that the total photon yield in the case of the interaction in a plasma channel waveguide is approximately an order of magnitude larger for the same laser pulse energy compared to the vacuum case, thus providing an optimization strategy. For narrow bandwidth, however, one should avoid multiple scattering beyond the limits discussed in Sec. III D. In general, using the plasma channel waveguide provides much higher yield than in the case of the interaction in vacuum, thus one can produce same amount of photons using less laser pulse energy even if the interaction in a waveguide is not set to the optimal parameters. In experiments, it may be difficult to reach the optimum spot size for certain laser pulse energies. For example, for an electron beam divergence of σ θ = 0.1mrad and laser pulse energy of 0.1 J, the optimal laser spot size is 0.1µm, i.e. less than a wavelength.
This can not be achieved in experiments. However, due to the high yield in the case of the interaction in a plasma channel waveguide, it is possible to choose a non-optimal set of parameters while still obtaining strong benefit versus vacuum operation, making experiments in this regime quite flexible. An example is provided in Sec. VI.
C. Interaction in near-hollow plasma channel
It was proposed to guide electron beams using near-hollow plasma channels [104] . In this case it is theoretically possible to create such a channel that will guide both the electron beam and laser pulse. It will still be necessary to decrease the electron beam divergence depending on the desired photon source bandwidth (i.e. approximately 10 times for 2 percent bandwidth photon sources leading to matched density of approximately n e ≈ 5 · 10 14 cm −3 ).
In the case when neither the laser beam nor the electron beam evolve, the total yield is given by
or, rewriting in convenient units,
In both waveguide and plasma channel cases, one is basically limited by the ability to guide laser pulses with as small transverse spot size as possible. In general, the total photon yield in the case of a waveguide or a plasma channel is much higher than in the case of the interaction in vacuum providing flexibility in the experiment. According to our estimations, usage of plasma channel for both guiding the laser pulse and electron beam does not provide a considerable advantage over using just a waveguide. One can calculate that the yield in the case of a 1 J laser pulse with σ p,µm = 5 for electron beam with parameters same as on Fig. 12 (a) is approximately N γ /N e ∼ 2 in both the case of a waveguide and a plasma channel. However, use of a plasma channel might be beneficial in the case of electron beams with high divergence in less demanding applications. In such a case, the comparison of the yield can be done numerically or analytically using the formulas provided in this paper. The scattering laser energy sensitively depends on the guided spot size which can be achieved, and a guide similar to [103] at σ p,µm ≈ 3 would enable use of a 0.36 J laser for N γ /N e ∼ 2.
Developing and implementing such guides in a Thomson scatter setup, compatible with the LPA, is important.
In principle, taking into account that for narrow bandwidth photon sources one has to use electron beams with low divergence, the most straightforward experimental setup given bandwidth κ. Total number of generated photons (of all energies) can be found using results of Sec. V and depends on the geometry of the interaction. For an estimate of the number of photons in a given bandwidth κ, one can use eq. (22) and simply multiply the total yield by the relative bandwidth κ. This estimate is within 20% for the cases discussed further in comparison with numerical simulations using particle tracking code VDSR [60] .
For better accuracy, one can use eq. (15) in the case when electron beam energy spread contribution is negligible compared to contribution due to beam divergence or use numerical integration as discussed in Sec. (III B) for the case when both electron beam energy spread and divergence are contributing to the spectrum bandwidth.
Numerical simulations using particle tracking in given electro-magnetic fields can be used to calculate the radiation directly for realistic source designs using eq. Further in this section, we provide an example design study of a LPA based gamma source relevant for NRF studies of 235 U and photofission, and characterize the accuracy of the analytically derived formulae. Use of a waveguide to reduce scattering laser energy and bulk was next evaluated, starting from the formulae of Sec. V B. For the parameters of the electron beam described above and in order to scatter on the average 5 times from each electron, the optimum laser pulse energy in the waveguide case is around 1J and the optimal spotsize is around 1µm.
This is hard to achieve in experiments. We have hence chosen parameters that are not optimal, but still provide same amount of photons as in the case of interaction in the free space for much less laser pulse energy. Using results of Sec. V B one can calculate that a laser pulse with energy 5J and spot size σ p,0,µm = 6 propagating in a waveguide will produce N γ = 5N e and thus one can expect photon source parameters to be same as in the case of the interaction in vacuum described in the previous section. This is indeed so, as one can see in Fig. 13 (b, green color) . The photon energy spectrum looks very similar to the case of the interaction in vacuum and the total number of photons within 2.5% FWHM bandwidth is N γ,0.02 ≈ 1.1 · 10 7 in good agreement with analytical calculations. As mentioned above, the required laser pulse energy will go down depending on the ability to guide laser pulses with smaller spot sizes. For example, in the case when the guided spot size is σ p,0,µm = 5 (compared to 6 used in the numerical simulations), the yield calculations show that the required laser pulse energy goes down to 3 J and for σ p,0,µm = 3, the required laser pulse energy is 1 J.
B. Simulations of a photon source for photofission or radiography experiments
For photofission and radiography applications, energy spreads at the 10-20% level are beneficial. The relaxed energy spread requirement allows TS sources to produce yields using simplified setups, and hence these are attractive first applications.
The rough requirements for such a source are presented in the right column of Table I .
We have chosen electron beam energy to be 650 MeV, so that the generated photon energy The relaxed energy spread requirement allows efficient scattering without guiding of the scattering laser, because a higher laser amplitude can be used. We have chosen laser pulse amplitude to be a 0 = 0.3 so that the broadening due to nonlinear effects is approximately 4%. Using eqns. (47), (46) and (39) one can find that optimal unguided laser pulse energy is equal to E L = 40J, spot size is equal to σ p,0,µm = 7.6 and longitudinal size is equal to σ l,µm = 2400 respectively. The electron beam parameters were chosen to be
and γ e σ θ,F W HM = 0.4 which is within reach for current LPA experiments. The total photon source FWHM bandwidth is predicted to be roughly 10% according to eq. (24) . Figure 14 presents results of numerical simulations using the code VDSR using the parameters described above. Figure 14 Photon energy, keV show that estimations provided in this paper work better for small energy spread photon beams (< 10%).
VII. DISCUSSION AND CONCLUSIONS
In this paper we have provided a detailed study of the photon sources based on Thomson
Scattering. The main focus of the paper has been on generation of the gamma-ray photons, but all results can be used also in the case of the generation of X-rays. Analytical calculations and estimations presented in this paper can be used in designing photon sources and optimizing experiments. We have outlined the contributions of electron beam energy spread, divergence, and laser pulse intensity on the total source bandwidth. In the case of the LPA electron beams, for generation of several-percent-level gamma-sources, it is neces-sary to reduce the electron beam divergence by approximately an order of magnitude. We have outlined possible methods that include using permanent magnetic quadrupole lenses, plasma lens, controlling the injection of electrons into the accelerating structure, and a density downramp. We have also presented total yield calculations for different interaction geometries and identified the optimum spot size for a given laser energy and intensity. The main limitation of the yield in the case of interaction in vacuum is due to laser pulse diffraction and thus the interaction distance is limited to approximately twice the Rayleigh range.
Waveguides or plasma channels are beneficial as this limitation is mitigated. This is shown both analytically and numerically. Results of analytical calculations agree well with the numerical simulations using the code VDSR. Examples of design studies of LPA-based photon sources capable of performing the NRF studies of 235 U, as well as photofission studies were presented. In addition, the used of a plasma as a compact beam dump has been studied.
TS photon sources from LPA electron beams are a promising path towards high intensity femtosecond x-and gamma-ray sources and allow generation of narrow-bandwidth photon spectra. In theory, LPA-based TS sources can compete with such large facilities as HIGS.
Although the results were focused on using the LPA electron beams, they can, without any changes, be applied to conventional electron beams from linear accelerators or storage rings. 
with normalized delay between pulses ∆ζ = ∆ζ/σ l , normalized longitudinal ∆z = ∆z/σ l and transverse ∆R = ∆R/σ 0 pointing errors, and with f (z) given by
For the optimal spot size and duration, x = √ 2β p /σ l can be calculated using eq. (44) in experiments on colliding pulse laser injection [105] .
Errors due to longitudinal focal jitter will be negligible as typical lasers have jitter of below 10% of Rayleigh length for which yield effects are at the 1 percent level. Similarly timing jitter effects will be negligible because, typical pulse lengths of the scattering laser are 10 ps level while timing jitter control at the sub-ps level is routine, and 50 fs level has been demonstrated by splitting [105] or path control [106] .
In the general case such non-ideal effects can be taken into account by numerical integration of eq. (34) and will depend on exact experimental parameters. Current experimental capabilities allow generation of hard photons with total yield decrease of < 30 percent compared to the optimum (no transverse jitter) case. Hence, using LPA electron beams for TS photon sources is quite reasonable.
